1. Introduction. Let A he a commutative Banach algebra with unit. Let A be its space of complex valued homomorphisms.
A function / defined on A will be called locally-A if for each point xG^4 there is an element ax of A such that/= as in a neighborhood of x. The conjecture is that this implies that there is an element a in A such that /= â. No counter-example of this conjecture is known. On the other hand, there are concrete Banach algebras for which it is not known to hold. For regular Banach algebras, it does of course hold. We give here a sufficient condition, which is satisfied not only by regular algebras, but also by some algebras of analytic functions. We call this condition combinatorial semiregularity. It asks that whenever / is locally-^4, and the interiors of the set {f=âx}, • • ■ , {/=â"} cover A, then there exist regularly closed sets P,-, and regularly open sets Wi, such that the P¿ cover A and FiCWiCti^âi}.
("Regularly" refers to the Stone topology for A.)
Now some algebras are not combinatorially semiregular, and we give an example. Further investigation of this example shows that nevertheless it contains all its locally-^4 functions.
Beyond locally-¿4 functions, one may inquire about functions / given locally by absolutely convergent power series elements (Shilov has considered these). It is shown, on the basis of Cartan's Theorem B, that the problem as to whether every such / is an â is equivalent to the vanishing of a certain cohomology group of A.
The statement of this theorem requires defining a sheaf Hoi of holomorphic functions in the dual A'. We then proceed to prove that H"(A, Hoi) = 0 for gèl. The case g= 1 gives the result mentioned above, which involves a quotient sheaf of Hoi.
2. Semiregularity. Let A be a commutative Banach algebra with unit 1. Let A(A) = Hom(A, C), that is, the nonzero algebra-homomorphisms of A into the complex numbers C. For aG^4, £GA(.¡4), we define a¿(£) by £(a) (when no ambiguity is possible, we may use "â" for "ox"). We let 5(a) be the support of tu, i.e., the closure of {a^^O}. For a set E(Z&(A) we call the closure of E in the kernel-hull topology [L, p. 60] , the regular closure. If E equals its regular closure, we naturally call it regularly closed. Thus A is regular [L, p. 83] precisely when each closed set in A(A) is regularly closed.
We now turn to a concept which we will call regularity. A Banach algebra A shall be called almost regular if it is commutative, has a unit, and if for each aÇzzA, the closed set S(a) is regularly closed. (This is the same as saying that the interior of {a¿ = 0} is regularly open, in an obvious sense.) Regularity obviously implies almost-regularity.
The converse is not true. In fact "analytic" algebras have been defined precisely as such for which S(a) = A(A), for at^O. (This concept might have been better called "quasi-analyticity.") There are algebras analogous to the algebra of functions continuous on the unit disc, and holomorphic inside, which are not almost regular. We will give examples in §3.
We will call a complex-valued function / on A(;l) a locally-A function if for each point f £A(^4) there is an aÇzA such that a a =/in some neighborhood of f. The unsolved problem motivating these investigations is to determine whether there exist any locally-^4 functions not globally of the form a a-If every locally-;! function is globally-;! (i.e., of the form a a) we call A a sectionally-complete algebra. To repeat, we know no sectionally incomplete algebra.
It is easy to see that regularity (with its partitions of unity) implies sectional completeness. We want to present another weakened form of regularity which demonstrably implies sectional completeness, since our technique does not enable us to show that almost-regularity will suffice. A locally-;! function is surely continuous.
Moreover, the maximummodulus principle of Rossi [R] shows that it necessarily attains its maximum modulus on the Shilov boundary. If/ is locally-;!, and aCA, then/-a¿ is also a locally-;! function. It will, I hope, cause no confusion if we denote it by/-a. {/=ö} is the set where f=aA.
2.1. Definition. We will call A combinatorially semiregular if it is a commutative Banach algebra with unit such that whenever Oi, • • • , anÇz\A and/, a locally-;! function, are given for which the interiors of {f=ai\ cover A(;l), then there exist regularly closed sets [Sh, '53, A & C] .
It is now easy to prove the following.
2.2. Theorem. Let A be combinatorially semiregular. Then A is sectionally complete. This proves 2.2. This proof is pretty trivial, because 2.1 is so strong an assumption. Hence it is perhaps of interest that the case n = 2 can be treated using only the axiom of almost-regularity.
Theorem.
Let A be almost regular. Let ax, ö2G^4, and suppose f is such that the interiors of {/-ai}, {/-02} cover A(A). Thenf=a¿ for some a£.A.
Proof. Let ¿ = a2 -ax. Now S(d) is supposed to be regularly closed. Hence it is A(Q) for Q = A/J, as before.
These sets are compact and disjoint, and so we can find q(E.Q such that go= 1 one one, and =0 on the other. Going back into A, we find u such that w¿ = l on S(f-ax), =0on 5(/-02). Now let a= (1-u)ai+uat. Now (1-u)A = 0 when f^aiA and u¿ = 0 when/^í^. Hence ax=/, as desired.
Let I,(A(A), loc-^4) be the algebra of locally-^ functions on A(,4). We may call it the hull of A. 
If the hull of A is a regular function algebra on A(^4), then the hull of A is just A.
If one wants to think of the section problem from the algebraic point of view (rather than the topological one, as we do here) one need not bother with the whole hull of A. Just let </> be one locally-yl function, let A(<b) be We take the {uk\ and let a=2^,ukak. Evidently aÇzzJ and/=á, as asserted. 3. Some examples. As we have already said, we know of no commutative Banach algebra A which is not sectionally complete. However, it is perhaps instructive to point out that a related property, which comes to mind in connection with function algebras, is not always possessed by such algebras.
The problem may be formulated as follows. Let X be a compact Hausdorff space. Let A be a uniformly closed subalgebra of Q(X, C) which contains 1 and separates the points of X. Suppose Vx, ■ ■ ■ , Vn is an open covering of X. Let fy, ■ ■ ■ , fn be elements of A such that ft =f¡ on Vií\ V¡. Does there exist an /in A such that/=/¿ on Vt (*=1, • ■ • , »)? A counterexample is the following. Let X be the union of two disjoint unit circles Xy, Xi in the complex plane. Let A be the algebra of functions continuous on Xy, X2 which can be continuously extended into the interior of each circle so as to be holomorphic inside, but for which the mean value on -X\ = the mean value on X2. Now let Vk -Xk, and/fc = & (¿= 1, 2). If this were not a counterexample we would have an/G^4 such that/=l on Xy,f=2 on X2, contradicting the equality of the two means. The general idea here is to "link" two points of A(^4X) and A (^42) for AiC.Q(Xi) (i= 1, 2) neither of which lies on its Xi as imbedded in A(A¡).
In this way, also "inverse-closed" counterexamples can be obtained.
Returning to the original problem of sectional completeness, we remark that counterexamples ought to be sought among those algebras A which are subalgebras of C(A(^4)) which are defined by global properties (and which are not "quasi-analytic"!).
An example of such an algebra is given in [A, '56, §5] . We will sketch the construction briefly. Let G be the group of pairs of integers (m, n). Write (m, n) ^(p, q) if m>p, or m = p and n^q. Let the elements (m, n) of G for which (m, «)^0 form the semigroup G+. On the character group T of G (Y is identifiable with the torus {\z\ =\w\ =1JCC2) form the function algebra A0(G+), the uniform closure of the linear combinations of \zmwn: (m, »)^0J.
3.1. For this ordered group G, Ao(G+) is not almost regular. As shown in [A, '56], A(^40) is in 1:1 correspondence with the semigroup homomorphisms f of G+ into the unit disc in C.
Let Í2 be the class of ÇEà(A0) for which f((w, »)) = 0 for wi^l. Then Í2 is precisely the set {zA" = 0}. Let its interior be called I. I does not meet the Shilov boundary (T itself, as embedded in A(Ao)), and hence it cannot contain any nonvoid regularly open set.
3.2. There exist noncombinatorially-semiregular algebras. We first take Ao = A<>(G+) and form P = ^40©^o. Then A(S) corresponds naturally to A(¿o)X{0, l}. We will call AG40)X0 the lower copy, and A(¿o) XI the upper In this homeomorphism, zmwn is carried into itself (except that its domain is changed to P). (3.31). On the set {|w| <l} CP this is holomorphic relative to w because the negative powers of w go only with positive powers of z, which are 0 when \w\ <1. (3.32). On the set {|z| <1, w -b, \b\ = 1} zmwn is holomorphic in z. The same is true for all elements of Ao(G+). Let A(P) be the algebra of functions continuous on P, and having the analyticity properties just described. Each locally-^4o(G+) function is in A(P). This proves 3.3. 4. A sheaf of holomorphic functions on a topological linear space. Let E be a topological linear space. Let 0 be a function defined on, and holomorphic on, some open subset of Cm. Let P be a linear continuous mapping of E into Cm. Then <b o F is defined to be a holomorphic function in E, and the class of these functions will be denoted by hol(E). The meaning of sum (or product) of such functions is clear, although the resulting function may have empty domain. It is also easy to see that the resulting function belongs to hol(E). The functions/ in hol(E) may thus be conceived as follows. Represent E as the direct sum of E0-f-£i where £i is a finite-dimensional subspace of E. Select a function /0 defined and holomorphic (in the obvious analytic structure of Ei) on an open subset W of Ex. Then let/(xo+Xi) =/0(xi) for each XoGEo, xiGW7. When dealing with finitely many/.Ghol(E) one can select one complementary pair of subspaces E0, Ei to serve for all. One should note that if /Ghol(E), and U is an open set, then/|r/ is not necessarily in hol(£), except in the finite-dimensional case.
No more than in the classical case is it true that if/, gGhol(E) agree on some open set, then/, g have some common extension AGhol(E). However, one has the following, easily deducible from the finite-dimensional case by the use of a suitable pair of complementary subspaces Eo, Ex.
Proposition. Let f, gGhol(E) and let U, V be open subsets of E.
Suppose f\ ur\v = g\ unv-Then there exists an feGhol(E) such that h\ u-f\ u and h\v = g\v.
For an infinite subcollection of/,Ghol(E), the situation is more complicated, and the conclusion of 4.1 cannot be always attained since the resulting function h may not depend merely on finitely many linear functionals.
Let/ and g belong to hol(E), and let x(E.E belong to both their domains. We write/=■ g at x ilf-g vanishes in a neighborhood of x. This is an equivalence relation among those/Ghol(E) whose domains contain x, and we denote the class containing such an /, by [f]x. The class of all [f]x we call Hol(x) . It is evidently a linear algebra.
We now introduce a topology into Hol(E), the union of all Hol(x), xÇ^E. For/Ghol(E) and F any set in E, we define a mapping In the finite-dimensional case, a section over an open set V corresponds precisely to an /Ghol(E) whose domain is that open set, but in the infinitedimensional case this need not hold (see the remark after 4.1). For sections over compact sets, the situation is as follows.
Theorem.
Let a:K-»Hol(E) be a continuous mapping such that 7t ((t(x) )=x, xG£, where K is a compact subset of E. Then there exists an ÄGhol(E) and a neighborhood W of K such that a coincides with 5. Cohomology in the space of maximal ideals. Let A be a Banach space and let A' be its dual. Let it be given the weak topology a(A', A). If we let A' play the part of E of the preceding section, then the functions in hol(^l') are just those of the form
where <b is holomorphic in Cn, and ax, ■ ■ • , an are members of A. (In fact, the same is true for all topologies lying between the weak topology and the topology first concretely identified in [A, '47], but we will use the weak.) If A is a commutative Banach algebra with unit, then A(^4) (usually abbreviated by A, below) is of course a compact subset of A'. Let Hol(A) be the sheaf induced on A by Hol(A'). The elements of this sheaf are those equivalence classes [f]x where xGA. (It has to be borne in mind that/ = g at x means/(y) =g(y) for y in a full neighborhood of x in A', and that although we may be talking about elements of Hoi (A), we do not have/and g generating the same germ [f]x at xGA just because they agree on a neighborhood of x relative to A.)
The purpose of this section is to establish the following. 5.14. Each Wi is the union of finitely many sets of the type 5.13. , and a covering F~1(Mß), which is a refinement of It, and the relation between the « and \p expresses the fact that a is indeed the cohomology class 0. This contradiction establishes 5.1. One application of 5.1 is the next theorem, which has been already presented (Warsaw, Functional Analysis Conference, 1960. It should appear in a publication prepared for that Conference. As I remarked at that time, H. Royden, supposing that I had abandoned the problem, also solved it). These earlier proofs are also based on Cartan's Theorem B.
5.3. Theorem. Let A be as above. Let G be the group of invertible elements, and let Go be the subgroup of exponentials (which is the component of the identity in G). Then G/Go is isomorphic to the Cech cohomology group 7P(A, Z), integer coefficients.
Proof. We consider the sheaf G-hol(A) of germs of never-vanishing, holomorphic functions. In the last sheaf, the operation is multiplication.
One has the exact sequence of homomorphisms 5.32 follows from 5.31 because A is compact. (It might be worth keeping in mind that A' is paracompact, and hence exact-sequence arguments apply to all closed subsets.)
The group H°(A, G-hol(A)), can (by 4.2) be regarded as the multiplicative system of functions holomorphic on a neighborhood of A and not vanishing on A, where two functions agreeing on a neighborhood of A are identified. This object we call H. It is clearly a group. We can map T: H-+A, using [A & C, 6 .2] with the result that x(T(<p)) = <p(x) for each xGA. Thus T(H)(ZG. Whether T is multiplicative we do not know, but it does not matter. Following T by the canonic map G-»G/Go we get
Tf.H->G/G0.
Pi is a homomorphism.
Indeed T(<pp)T(<pyx -l belongs to the radical of A and can therefore be written in the form er -1 [A & C, 7.3] , where r is in (the radical of) A. This shows that Pi is a homomorphism. Now to show that Pi is 1:1. Let T(<p) = ea. Let \p = exp( -a) where à(x)=x(a), xÇ^A'. Then the function <p\p has the value 1 on A and hence is of the form e" in some neighborhood of A. The same is true for <j>. Thus Pi is 1:1. Finally, Pi is onto. For let a^G be given. Let <b = à(à(x) =x(a)). Then <bÇzH and Ti(<b) is easily seen to be aG0.
This proves 5.3.
Actually, there is a homomorphism of H°(A, Hol(A)) onto A which sends ¿-»a for each aG^4. This follows from [A, '61].
We now return to a reformulation of the problem of the locally-^4 functions. 
